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A B S T R A C T  

Let Y be a Banach space, 1 < p < ~ .  We give a simple criterion for 
embedding ep C Y, namely it suffices that the positive cone ~p+ C Y. 
This result is applied to the study of highly smooth operators from gp 
into Y (p is not an even integer). The main result is that every such 
operator has a harmonic behaviour unless ~p C Y for some K E N. 

K 

In th is  note  we es tab l i sh  a n a t u r a l  c r i te r ion  for e m b e d d i n g  of  gp or Co into a 

given Banach  space  and  a p p l y  i t  to  s m o o t h  o p e r a t o r s  wi th  h a r m o n i c  behav iou r  

f rom gp spaces.  

Let  Y be a Banach  space,  Z be a Banach  space  wi th  a Schauder  basis  {ei}. 

Let  us deno te  the  pos i t ive  cone of Z by  Z + = {z C Z; z = ~ aiei, ai >_ 0}. We 

say  t h a t  Z + C Y if the re  is a bas ic  sequence {Yi} in Y such t h a t  

(1) E a i e i  z < - E a i y i  w < c  E a i e i  z f o r a n y  E a i e i E Z + .  

We say  t h a t  C is an  i s o m o r p h i s m  c o n s t a n t .  
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Recall that  the well-known summing basis {ei} of co has the property that  

I1 ~ aieill = ~ a i  provided that  ai _> 0, which means that  g+ C Co. Moreover, 

and more surprisingly, if Y is separable, then there exists a minimal and funda- 

mental system {Yi} in Y (which need not be a basis in general) such that  (1) 

holds for Z = gl- ([S1], [$2], [D J]). In our paper we prove a result going in the 

opposite direction, namely that  Z + C Y already implies Z C Y for Z = gp, 

1 < p  < c~, or Co. 

This simple and somewhat unexpected criterion allows us to completely 

characterize Banach spaces Y, for which there exist separating polynomial (or 

smooth enough) operators from gp into Y, as those for which g~. C Y for some 

integer k. 

1. Embedding  of  the posit ive cone 

For a E ll~, let a + = max{a, 0} and a -  = m a x { - a ,  0}. 

THEOREM l: Let Y be a Banach space. I f  Co + C Y then co C Y. 

{Yi} is equivalent to the canonical basis of Co. 
Moreover, 

Proof'. Let ~ aiYi E Y.  Then by the assumption 

E = E - E E + E 
Cmax{a  +} + Cmax{a~-} < 2Cmax{]ai]}. 

But, as {yi} is a basic sequence, 

1 
E aiy~ > ~ max{llaiyill} > ~-~ max{lail}, 

where K is a basis constant of {Yi}. | 

THEOREM 2: Let Y be a Banach space, 1 < p < oc. I? s + C Y then s C Y.  

First notice the following lemma: 

LEMMA 3: Let Z be a Banach space with an unconditional Schauder basis 
{ei}, Y be a Banach space and Z + C Y such that {Yi} is an unconditional basic 
sequence. Then Z C Y (in fact {Yi} is equivalent to {ei}). 

Proof: There is a K1 >_ 1 such that  

K111I E lail yilly ~_ I I E  aiyiIIY ~_ Kltl E [ai[ yiIIY 
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for any ~ aiyi �9 Y and a / / '2  _> 1 such that  

K~-'II ~ la~l eillz < II ~ a~edlz </(~11 ~ lad edl~ 

for any ~ aie~ �9 Z.  Thus 

KflK;-lll ~ a~e, llz < ]1 ~ a~ydlr </(1CK21I ~ aie~llz 

for any ~ aiei �9 Z.  l 

(2)  s ajVj 
j=l 

and 

Proof  of  Theorem 2: We claim that  there is an unconditional normalized block 

basic sequence of {Yi} such that  all its vectors have nonnegative coordinates 

with respect to {Yi}. Then it is easily seen by Lemma 3 tha t  this block basic 

sequence is equivalent to the canonical basis of s 

For x = ~ a i y i  E Y we denote x + ~ + = ai Yi, x -  = ~ a ~ y i  and ~ = ~ a i e i  

E s 

Suppose that  {yi} is not unconditional and ~+ C Y with isomorphism con- 

stant  C. Then for any e > 0 there is y E s--p--~{yi} with finite support  such 

that  Ily+ll = 1 and Ilyll < e. If this was not true for some e > 0, then for any 

5 �9 s~-~{yi} 

11511 > ~max{ll5+ll ,  ll5-EI} > ~(ll5+ll + ll5-11) > ~llx + + 5-11. 

On the other hand, 

11511 = IIx + - 5-11 < I Ix+l l  + 115-11 < C ( l l x+ l lp  + 115-lip) 

< c21-~11x "~ +~l lp  _< c2~-511x + + x-II, 

which means tha t  {yi} would be unconditional. 

Thus we can construct a block basic sequence {vi} of {yi} such tha t  IIvill < 
1 1 n g2-r and IIv+llp = 1. Let {aj} j= 1 be a finite sequence of nonnegative real 

numbers. Then 

s s 1 (j=~l f)~ _< aj l lv j l l_<m~{aj}  II~jll-<~ a 
j=l  j=l  

a, vj = a j v ? -  .~v; > . i v ; -  ~ 
j = l  j = l  j = l  j = l  

_> _ _ a J v  2 - ajv aj ~ , 
j----1 j = l  P P \ j----1 / 



302 P. H/~.JEK AND M. JOHANIS Isr. J. Math. 

which implies 

,3, 
j = l  

i 
As ]Iv+lip = 1, we can easily see that  

n ~ A p ( j = ~ l  p )  ~ (4) Z ajv? >_ a~v? = a 
j = l  j = l  

On the other hand, take f e S(sT~{y,})* such that  f ( ~  ajv +) = II ~ ajv+ll �9 Let 

bi = f(Yi), i E N and M = UjL1 suppvj (notice that  this is a finite set). Define 

b * g+ + *  * g = EkEM kYk, = EkeM bk Yk, g = EkeMbkek and g-4 = ~ a e M  bv~+*_ ek, 
where y~. and e~. are the biorthogonal functionals to Yk and ek respectively. Let 

+ q--1 l /p+ 1/q = 1 and put y = ~keM(bk ) Yk. Then 

( E ) 3 ~keM(b+)q g(y) ll}411q = (b+~ )q = 
(5) k~M (Ek~M(~+)q)~ II~llp 

_ c ,g(y) = o f ( Y )  
< - I - ~  I - ~  <- c l l f l l  = c .  

Using (4) we have 

ajvj > f ajvj = f ajv + - f ajv-f 
-- -- -- j = l  

= E a j v +  - g ajv >__ ajv g+ ayv 
j = l  - - j = l  -- j = l  - - j = l  -- 

- -  j - - - - 1  

Let us denote 

0 M + =  U suppvf ,  M - =  suppv~-, g ~-~ [M+ = E b+e*k 
j = l  j = l  kEM+ 

i 
and g+ [M- similarly. The last inequality together with (2), the HSlder inequal- 

ity and (3) give 
1 

2 a 
<_ g+ ajv; <_ II'g ~ [M- IIq ~ aj 

= j = l  
1 

<_ lid + [M-  IIq C --~ -~ a , 
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which means that  
A 1 

IIg § tM- IIq --- 2C + 1' 
If we combine this inequality with (5), we obtain 

(6) IIg § [M+ IIq <-- (llg+ll~ --IIg § tM- I1~) ~ --< (Cq - (2C + 1)q) ~ 

This finally allows us to compute 

n (j----~l ? )  ( n  ~_) ( n  ? )  
E a v) : S = E <- 9 § E 
j=l j----1 -- j=l -- 

_< [[g+ [M+ aj v+ = IIg + [M+ IIq a 
j=l P 

n 1 

( 1 )~( j_~l  p) F <_ C 1 - Cq(2C + 1)q a 

The last inequality and (4) show that  we have found a semi-normalized block 

basis {v + } such that  6 + embeds into s~g-~{v + } with an isomorphism constant 

strictly less than C. Now either {v + } is an unconditional basic sequence and we 

are done, or we can iterate the process to find another block basis. (Notice that  

in every iteration the constructed block basis is a block basis of {Yi} such that  

all of its vectors have nonnegative coordinates with respect to the previous basis 

and hence with respect to {yi}.) In every iteration, the isomorphism constant 

drops at least by the factor of 

( 1 )l/q 
1 Cq(2C + 1)q < 1, 

where C is the initial isomorphism constant corresponding to {Yi}. Therefore, 

after finitely many steps we obtain an unconditional block basic sequence as we 

claimed, otherwise the isomorphism constant would eventually drop below 1, 

which is impossible. | 

Remarks: We have actually proven that  6; is isomorphic to a subspace spanned 

by a normalized block basis with all the blocks having their coordinates with 

respect to {Yi} nonnegative. If the embedding 6 + C Y is almost an isometry, 

we can actually show that  s--p-'~{yi} is already isomorphic to 6;. This is in 

fact contained in the previous proof, but direct proof (see Proposition 4) gives 

optimal constant, as we will see in Example 5. 
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Notice further, that  in the case Z = fp or Co, 1 < p < c~, if there is an 

arbitrary sequence {yi} in Y such that  (1) holds, then Z + C Y. This can be 

seen as follows: Let f E (s--p--~{yi})*. Similarly as in (5) we can show that  

y~(f(yi)+) q < c~ and ~ ( f ( y i ) - )  q < c~. This means that  Yi --+ 0 weakly, and 

thus some subsequence of {y/} is a basic sequence (see, e.g., [LT, Remark after 

1.a.51). 

By closer examination of the proof, we can see that  it works more generally 

for the spaces Z with the following property: The space Z has an unconditional 

basis {ei} with unconditional basis constant K,  and there is a nonincreasing 

function G: (0, +oc) --+ (0, 1/K)  such that  for any two nonzero disjointly sup- 

ported f ,  g e span{e~'}, ]If + gl]* = 1 we have Ilfll* <- G(IIgII*). (This fact will 

replace the inequality (6).) Then the proof gives a block basis of {ei} that  is 

equivalent to the block basis of {Yi} generated by the same (nonnegative) coef- 

ficients. (For example, for gp with the canonical basis and with the canonical 

norm we can take G(x) = (1 - xq) 1/q. As the canonical basis in gp is equivalent 

to any of its block bases, we obtain the conclusion of Theorem 2. More generally, 

such a function exists, for example, for super-reflexive spaces, but  also clearly 

for Co.) 

PROPOSITION 4: Let Y be a Banach space, 1 < p < oe. I f  ~+ C Y with 
isomorphism constant C < 21-1/p, then {Yi} is equivalent to the canonical 

basis of s 

A 

Proo~ By assumption there is a basic sequence {yi} in Y such that  ]Ix+lip <_ 
A 

IIx+ll _< Cllx+llp for any x e s--P--~{yi}. 

Let x E s-p-~{yi}. Then 

Ilxll = IIx + - x-II  < IIx+ll + IIx-II _< CIIx~;llp + CIIx~-IIp < 21-1/PCll~llp. 

On the other hand, choose f E S(s-p~-a{yd)* such that  f ( x  +) = [Ix+[[. Let 

bi = f(yt.}), i E N and 1/p + 1/q = 1. Without loss of generality we may assume 

that  [Ix+[[p _> [[x~2-[[p. Similarly as in (5) we can show that  (Y~(b+)q) 1/q <_ C. 

Further, 

~ (b+~)q) 1 Ea+b+ > f(z+) llx+ll >_1. 
~su,,x§ -IIx+lJ, IIx+llp llx+Hp 
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Using these two estimates we obtain 

Ilxll > y(x) -- y(x +1 - f (x - )  -- f (x  +1 - E a;b~ >_ f(x +) - E a:(b+ 
1 

>_ I I ~ l l p ( 1 -  ( E ( b + ) q  - 

and hence 

1 

> t l ~ l l p ( 1 -  (C q - 11~), 
i E s u p p  x + 

1 1 A IIxll_ (1 - (cq  - 1)~) max{ll~ll~, II~-IIp} ~ 2-3(1 - ( C  q - 1)z)llxllp. 

As C < 2 l/q, we have (1 - (C q - 1) l/q) > 0 and so {Yi} is equivalent to the 

canonical basis of ~p. I 

Example 5: For any 1 < p < c~ there is a space X isomorphic to co @ ~p with a 

Schauder basis {yi}, such that  g+ embeds into X onto a positive cone generated 

by {yi} with isomorphism constant 21-1/p. 

By Theorem 2, there is a block basis of {Yi} equivalent to the canonical basis 

of s but as X is isomorphic to Co �9 ~p, {Yi} is not equivalent to a basis of s 

This example shows that  the constant in Proposition 4 is optimal. 

Proof'. Let X be the completion of the space Coo equipped with the norm 

1 

H(a~)],=max{max{a~},(E,a2i+a2i+l'P)~}. 

This space has a natural basis {Yi} consisting of the vectors that  has the i th  

coordinate equal to 1 and all the others equal to 0. For any vector x E X, the 

decomposition 

x=EaiY i=  ( E  a2i-a2i+l ) ( ) -2- (Y2,-Y2i+l) + Ea2i+a2i+l(y2,+Y2i+l) 2 

implies that  X is isomorphic to Co �9 gp. 

For any x = ~aiyi E X, where ai _> 0 for all i E N, we have 

1 

+ 
1 

l ' ( z  _<2 - ~  a 



306 P. H/~.JEK AND M. JOHANIS Isr. J. Math. 

On the other hand 

1 1 

r l x l l >  a 2 i + a 2 i + l )  p > a , 

and therefore/~+ C X with isomorphism constant 21-1/p. 

Remark: If the space Y is complex, Theorem 1 holds by a trivial modification 

of the proof. Theorem 2 is also valid in the complex case, but the given proof 

implies only that (the real) ~p C Y~ (i.e., the space Y considered as a real vector 

space). The complex embedding requires some additional work, which we briefly 

sketch: 

Suppose that we already have the real embedding, i.e., for any real sequence 

{bj} we have Clll ~ bjejllp < II ~ bjYjll <<- C211~ bjejllp. Suppose further that 
{yj } is not equivalent to {ej }. Then (as the upper estimate always holds, just 

consider the real and imaginary parts), we can construct a block basis {wj} of 

{yj} such that Nwjll < c/2J and II Rewjll = 1, where 

C < ~ 2  2 �9 

Then, for any complex sequence {aj }, 

~_~ajRewj = ~ R e a j R e w j + ~ I m a j i R e w j  

_> ~ Re aj Re wj + ~ Im aj Im wj 

- ~ Im aj (i Re wj - Im w j) 

= ~ R e a j R e w j + Z I m a j I m w j  - ~ i I m a j w j  

1 

~ C 1  ZReajRewj+ZlmajImWjp-C(ZlajlP) ~; 
1 1 

=C1 ~-~llReajRe~j+ImajlmwhH p - e  Z l a j l  p 

- c2 ( y~ I I Re aj Re wj + Im aj 5 

->C1 ( ~ lll Reaj + ilmaj Rewjll 
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--[lImaj(Imwj -iRewy)]ll" - c  ~-~lay[ p 

>C1 Ilaj Rewj e lajl P ) ~  (zo, 
1 1 

307 

2. Harmonic  behaviour of  smooth  operators 

First let us fix some notation. By Cn(Bx,Y) ,  1 _< n < oc we denote the 

space of all n-times continuously Fr6chet differentiable operators from some 

neighbourhood of Bx into Y. We say that  T E cn '+(Bx,Y)  C C~(Bx ,Y)  
if T(n)(x) is uniformly continuous and T E Cn'~(Bx,Y) C cn '+(Bx ,Y)  if 

T (n) (x) is c~-Hhlder. 

Definition: Let X,  Y be Banach spaces. We say that  an operator T: Bx -4 Y 
has a harmonic behaviour if T(Bx)  C T(Sx).  We say that  T is s e p a r a t i n g  

if infxesx liT(x) - T(0)[I > 0. 

The close relation of these two notions is exposed in Lemma 8. In some sense, 

a very smooth separating operator is an analogue of linear embedding. (This 

claim is justified by Theorem 9.) 

Bonic and Frampton in [BF] showed that  if Y admits a Ck'~-smooth bump 

but X does not, then every Ck,~-smooth operator T: Bx  -4 Y has a harmonic 

behaviour. Some variants of this result were also presented in [DGZ, chapter 

III] and [BL, ch. 10], as they are related to smooth uniform homeomorphisms 

between Banach spaces. 

Recently, Deville and Matheron in [DM] showed that  if Y has a nontrivial 

cotype but  X has not, then every Cl,+-smooth operator T: Bx -4 Y has a 

harmonic behaviour. It is clear that  if X admits a Ck,~-smooth bump then 

there exists for every Banach space Y a Ck'~-smooth operator T: Bx -4 Y that  

has not a harmonic behaviour (as I~ C Y). In our note we investigate for a 

given X = gp and 1 >_ a > p - [p] the structural conditions on Y which imply 

that  every T �9 CM,~(Bx, Y) has a harmonic behaviour. (Recall that  gp has 

a C[P]'P-[P]-smooth bump, see [DGZ].) In particular, we show that  every such 

operator has a harmonic behaviour unless gp/K C Y for some integer K ~ [p]. It 

should be noted in this connection that  by [B] and [H] (see also [BL]), for every 
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~p and separable Y there exists an abundance of even polynomial operators from 

Bev into Y such that,  for example, T(Bt,,)  = By .  

The techniques used in this section have their origin in the classical work of 

Kurzweil ([K]), Bonic and Frampton ([BF]) and Deville ([D]), and are presented 

also in the book [DGZ]. 

Taylor's theorem provides a connection between smooth operators with a har- 

monic behaviour and separating polynomials on ~p (as we will see in Lemma 8), 

so next we investigate the behaviour of separating polynomials. 

Recall that  k-homogeneous polynomials P: X ~ Y (X and Y are Banach 

spaces) are defined as P(x)  = M ( x , . . .  ,x), where M: X --+ Y is a continuous 

symmetric k-linear operator. We denote the set of all k-homogeneous polyno- 

mials from X into Y by 7:'k(X, Y) .  Recall that  a homogeneous polynomial P is 

separating if infxesx [[P(x)[[ > 0. 

LEMMA 6: Let X be a Banach space with a normalized perfectly homogeneous 

Schander basis {ei} (i.e., {e~} is equivalent to any of its normalized block bases; 

by the result of Zippin [Z] it means that X is isomorphic to Co or gp, 1 _< p < oc). 

Let Y be a Banach space and K E N. Suppose that there is no separating 

polynomial in P k ( X , Y )  for any 1 <_ k < K.  Let P E 7~K(X,Y)  and s > O. 

Then we can find a normaIized block basis {z~) of {ei} such that if  H ~ aizi]l <_ 1, 

then 

P aizi - aKp(z i )  < ffm" 
i = m  i = m  " 

If, moreover, each polynomial in PK (X, Y)  is non-separating then we can find a 

normalized block basis {ui} of {zi} such that sup{[[P(x)[l;x E Bs--ff~{~)} < r 

Proof'. Let A be the basis constant of {ei}. We prove the lemma by induction 

on K.  

In the case K = 1 pick some bounded linear operator P: X -~ Y and s > 0. 

The "diagonalization" is trivial (we put zi = e~). Assume there is no separating 

bounded linear operator P: X --+ Y. Then P is not separating and we can 

choose a finitely supported vector Ul E S x  for which 

1 s 
IlP(u~)[[ < 52-3" 

As s--p-~{ei}~>~ is isomorphic to X and so P [~--~-~{e~},>,, is not separating, we 

can inductively construct a normalized block basis {u~} of {ei} such that  

1 c 
IIP(u~)ll < 2 ~ 2-A" 
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If [[ ~aiui[[ <_ 1, then 

a/ui <_ [ai[ liP(u/)[[ _< 2A [[P(ud[[ < c. 
- -  / = 1  i - - - - 1  

Now suppose that  the assertion holds for K - 1 and let e > 0 and M be a sym- 
metric K-linear operator such that P(x) = M ( x , . . . , x ) .  Put  D = K!(2A) 2K 

and Zl = el. 
M(Zl , . . . ,  zl, x) is (by assumption) a non-separating linear operator (in x) on 

span{ei}, so by the induction hypothesis we can find a normalized block basis 

{v~} of {e/} for which 

1 s (2 q- /~'-- 2~ -1 
sup{] [M(Zl , . . . , z l , x ) [ [ ;xEBs~ra{v :}}<  ~ \  K - 1  ] 

M ( z l , . . . ,  zl, x, x) is (by assumption) a non-separating 2-homogeneous polyno- 

mial on s-p-fig{v} }, so by the induction hypothesis we can find a normalized block 

basis {v 2} of {vt} for which 

(2+K-2) -1 
sup{[IM(Zl, . . .  ,zl ,x,x)l[;x e Bs-pra{vp} } < ~ K -  1 

and so on until we find a normalized block basis {v y - l }  of {v K-2} for which 

s u p { l l M ( Z l , X , . . . , x ) l l ; x  �9 < - 1 

K--1 Put  z2 = v 2 
M ( Z l , . . . ,  zl, x) is a non-separating linear operator on s--p-~{v~-I }, so again 

by the induction hypothesis we can find a normalized block basis {w~ '1} of 

{v g - 1  } for which 

sup{JIM(z1'" "" ' z t 'x) l l ;x  �9 Bs~gg{w~'l}} < 2--5D - -  1 

Because M(Zl , . . . ,  Zl, z2, x) is a non-separating linear operator on span{w~ '1 }, 
r 1,1 we can find a normalized block basis {w~ '2 } of lw/ } for which 

1 e ( 3 + K - 2 )  -1 
sup{I [M(z l" ' "  'zl 'z2'x)[l;x �9 Bs-N-a{w~'2} } < 2 5 D  K - 1 

Further, we find a normalized block basis {w~ '3 } of {w~ '2 } for which 

1 ~ _ _ ( 3 + K - 2 )  -1 
sup{llM(zx,...,z~,z2,z2,x)l[;x �9 B~--o~{~,~.~}} < 25 D \ I,; - 1 
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and so on until we can choose a normalized block basis {w~ 'K } of {w~ 'K- l}  for 

which 

sup{llM(z2, . . .  ,z2,x)ll;x e BsT~{~,K}} < ~ K - 1 

Because M ( Z l , . . . ,  Zl, x, x) is a non-separating 2-homogeneous polynomial on 
- - c  1,K1 spanlw / ~, we can find a normalized block basis {w~ '1 } of {w~ 'K} for which 

1 E ( 3 + K - 2 )  -1. 
sup{ l lM(z l , . . . , z t ,x ,x ) l l ;x  e B~-0~{~.,}} < ~ K -  1 

M(zl , . . . , z l , z~ ,x ,x )  is a non-separating 2-homogeneous polynomial on 

~ { w  2'I }, so we can find a normalized block basis {w~ '2 } of {w~ '1 } for which 

1 c ( 3 K K - 2 ) - 1  
sup{ l lM(z l " ' "  'zl 'z2'x'x)ll;x �9 BsT~a{~'2}} < 2 g D  - 1 

Further, we find a normalized block basis {w~ '3 } of {w~ '2 } for which 

sup{UM(zl '" "" 'Zl'Z2'Z2'X'X)H;x �9 Bs-~{w~'a}} < D K - 1 

r 2 ,K-- l~  r 2 , K - - 2 ~  and so on until we can choose a normalized block basis twi ~ of lw~ 

for which 

1 c ( 3 + K - 2 )  -1 
sup{llM(z2""" 'z2'x'x)ll;x �9 Bs-~{w~ 'K-~}} < 2 5 D  K -  1 

Similarly, we construct successive block bases until we find a normalized block 
basis {w/K-1'2} of {w K-I ' I  } for which 

sup{llM(z2,x,. . .  ,x)ll;x �9 Br0~{~2-1.~ } } < ~ - 1 

K - - l , 2  
Put  z3 = w 3 

We continue inductively in the same spirit. In the nth step, in order to define 
zn, we consider all the in+K-21 -- 1 operators 

~, K - - 1 ]  

M ( z j l , . .  . , Z j K _ I  , X , .  . .  , X ) ,  

l 

so that  

jl < . . .<_ jK_ l<n- -1 ,  l < l < K ,  

sup{IIM(zj l , . . .  ,zjK_~,x,... ,x)II;x E B s ~ { ~ j }  < - - - -  
1 2) 1 

2 '~+2 D K - 1 
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for a cor responding  block basis {w~}. 

Clearly, {zi} is a normal ized  block basis of  {ei} and if II ~ a,zdl _< 1, then  

( oo ) s  
i = m  i = m  " *',-<Jl <" ' -< JK  

Jl <J K 

laj,'"ajK I I IM(zj , , . . . ,  z,~)ll 

_< K!(2A) I" ~ IIM(zj,,..., zj~:)ll 
,.<_dl<_...<j K 

Jl <:JK 

n = m + l  '"<-~1 <-" ~-JK =n 
Jl <JK 

e o~ 1 
"< ( 2 A ) ~  E 2n+2 E 

n = m + l  l < j l  <_'"<_jK =n  

1 ~ 

- 2,~+ 2 (2A) K < 2--- ~ .  

2 ~+2 D K - 1 

In the  case tha t  all K - h o m o g e n e o u s  po lynomia ls  are non-separa t ing ,  we can 

(similarly as for K = 1) find a normal ized block basis {ui} of {zi} such t ha t  

1 e 
IIP(ui)ll < - -  

2~+1 (2A)/< " 

Let  ui = ~ ~ bjzj. Then  (as ui is normal ized)  
J =  i 

P(u~], , & 1 e 1 e 
- E @'P(zj) < 2a,+-------- ~ (2A) ~ _< 2i+2 (2A)/<. 

j----oq 

Thus,  if II ~aiuill  _< 1, we have 

P aiui aih'P(ui) _ ai bjzj i 
" -- i = 1  -- i = 1  i = 1  j = a ~  i = 1  j = a l  

oo oo ]~i 

+ E a K p ( u i ) -  E a )  E bKp(zJ ) 
i = 1  i = 1  j = a ~  

oo P(ui) ~ C K 
<~+ E la'l - E @'P(zj) < 2' 

i = 1  j=a~ 

and so 

P E a i u i  <_ P aiui - a)'P(ui) +~F_,ladKIIp(udll<e. , 
i : l  -- i = 1  i = l  i = 1  
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THEOREM 7: Let Y be a Banach space, 1 <_ p < oc, K E N. 

Suppose that  all polynomials in Pk(~v,Y)  are non-separating for all 

1 <_ k < K.  I f  K is odd and K <_ p, or i f  K is even and K < p, then there is a 

separating P E PK(~p, Y) i f  and only i f  gp/K C Y .  

There is a separating homogeneous polynomial P: Co --+ Y if  and only 

i f  Co C Y if  and only i f  there is a separating homogeneous polynomial 

P E PK(CO, Y)  for any K E N. 

Proof: First we prove the (p case. 

The "if" part: Clearly, P: gp --+ ~p/K defined as P ( ~  aiei) = ~ a~ei  is a 

separating K-homogeneous polynomial. Hence if T is an isomorphism of ~p/K 

into Y, then T o P is a corresponding separating K-homogeneous polynomial. 

The "only if" part: Pu t  ~ = infs~p []P(x)l] > 0. By Lemma 6 we can construct 

an appropriate "e-diagonal" normalized block basis {zi}. Put  Yi = P(zi) .  If K 

is odd then for any sequence {ai} satisfying ~ i  la ir /K = 1 we have 

or o0 P ( eo 1/ K .'~ 

i=1 " i : 1  i : 1  

K C 

_< IIPII Ea~/Kzi + ~ --Ilell + 2" 
i : 1  

c + -  
2 

On the other hand, 

E aiYi = i~_I(a~/K)K p(z i )  > [ \ z-"  a 5 
i = l  - -  i----1 " " 

g o c  K 
1 / / (  ]l C ~ --  E" 

>- )--.'ai zil[ 2 - ~ 2 2" 
i=l 

This implies that  s-p--an{yi} C Y is a subspace isomorphic to gB/K. 

If K is even, ai = (a~/K) K only if ai >__ 0 and therefore we obtain merely 
+ ~p/K C Y.  (In view of the second remark after Theorem 2 we do not need {yi} 

to be a basic sequence.) Now Theorem 2 finishes the proof for K even. 

For Co, we start  by considering the separating polynomial of the smallest 

degree, and analogously as above we conclude that  Co C Y. Then we use the fact 

that  P: Co ~ Co defined as P ( ~  a~ei) = ~ aiKei is a separating K-homogeneous 

polynomial. | 

Theorem 7 implies the well-known fact that  there is no separating P E 

Pk(gp, llO for 1 < k < p < oc (otherwise ep/k C R for some k < p) and there 
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is no separating P E Pp(fp, ~) for p odd integer�9 If p is an even integer, then 

P(x) = Ilxll p is a separating p-homogeneous polynomial and so the statement 

of Theorem 7 does not hold for K = p. 

Notice that  C n,+ (Bx,  Y) C C ~-1'1 (Bx,  Y) and Pk (X, Y) C C n'l (Bx ,  Y) for 

any k, n E N. 

LEMMA 8: Let  Y be a Banach space, 1 < p < ec. Let n E N and a E (0, 1] 

be such that n + a > p. All T E Cn'~(Be~,Y) have a harmonic behaviour 
if and only if there is no separating P E Pk(fp, Y) for M1 1 <_ k <_ n. All 
T E CP'+(Be~, Y), p E N, have a harmonic behaviour i f  and only i f  there is no 
separating P E )vk(fp,Y) for all 1 < k < p. 

Proof." Clearly, a separating polynomial has not a harmonic behaviour. Let 

T E Cn'~(Bep, Y) have not a harmonic behaviour. Pick a finitely supported 

y E Bx  \ S x  such that  ~ = infxesx liT(x)-T(y)II > 0. Choose sufficiently large 

N E N such that  

~_~.T( 1 1  _ ilYllP)(n+ )/pNl_(n+ )/p < -2�9 

By Taylor's theorem, for any x, x + h E Btp, 

(7) 
IIhlln§ r ( x + h ) - T ( x )  = T(k)(x)(h)+Rn(x)(h), where IIR (x)(h)ll <_ n! 

k=l  

(We use an abbreviation T(k)(x)(h) = T(k)(x)(h, . . . ,  h), which is a k-homo- 

geneous polynomial in h.) Suppose that  all polynomials in 7)k(fp,Y) for all 

1 < k < n are non-separating. By Lemma 6 we can find normalized block bases 
{u k } of {ei} such that  s--p-~{u/k } C s--p--~{u k-1 } and 

e k! 
sup{llr(k)(y)(h)ll; h E Bs~xa{u~} } < 2n--N 

for 1 _< k _< n. Thus we can pick a finitely supported hi E tp such that  

m a x s u p p y  < minsupph l ,  NIIhl l l  p = 1 -Ilyllp and 

1 
�9 r(k)(y)(hl)ll < 2 n N  

for all 1 < k < n. Similarly for 1 < j _< N we choose finitely supported hj E ep 

such that  maxsupphy_ l  < minsupphy,  NIIhjll p = 1 - Ilyll p and 

~ T (k) y+  hi hj) < 
1 

~=1 2 nN  
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for all 1 < k < n. Then 

Y+ i h i p  i ----[[yl[P + []hil[ p = 1 
i=1  i=1  

and (7) gives 

y _ j j - -1  hi ~ 
] 

i = l  " j = l  i=1  i= l  

N (~-~--1 1~ ( J-1 ) ( h i ) i - 1  ( J-i  ) ) ~- E T(k) y + E hi + Rn y + hi (hj) 
j = l  -- -- i=1  

r N (1 -N[__[y[[P) '~+" < - 

which is a contradiction. 

The proof for C p'+ is analogous. | 

Let Y be any Banach space, 0 r y �9 Y. We put T(x) = [[xllpPY, x �9 ~p, which 

is an operator without a harmonic behaviour from Bep into Y. If p is an even 

integer, then T �9 Pp(gp, Y). If p is not an even integer and we let n be the 

largest integer strictly smaller than p, then T �9 cn'p-n(Bep, Y). Therefore, if 

we want all sufficiently smooth operators to have a harmonic behaviour, we need 

to rule out p an even integer and consider smoothness higher than C [p]'p-[B]. By 

putting together Lemma 8 and Theorem 7 we immediately obtain 

THEOREM 9: Let Y be a Banach space, 1 <_ p < ce, p is not an even integer. 
Let C = C[P]'~(Bep, Y) for some 1 >_ a > p -  ~] if p is not an integer, or 
g = CP,+(B~,,,Y) i fp  is an odd integer. Then either all operators in g have a 
harmonic behaviour or ~p/k C Y for some 1 < k < [p]. 
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